The objective of this paper is to present formation control laws for maintaining the relative attitude between a formation of free ying spacecraft in deep space. The paper presents two control strategies based on leader-following and emergent behavior approaches. The leader-following control has appeared elsewhere and is included for completeness. The main contribution of this paper is a new emergent behavior approach to the relative attitude control problem for spacecraft formations. In addition, we prove analytically that our approach guarantees formation keeping while maintaining relative alignment bounds throughout the maneuver. Simulation results compare leader-following with our approach.
Introduction
Travel to neighboring galaxies would require space voyages lasting thousands of years. As a result further space exploration can only be practically achieved by indirect observation of astronomical objects. Much can be determined about a space object from the emitted light. To make such delicate observations, spacebased interferometers with baselines on the order of one to ten kilometers would be needed.
Large monolithic space-based interferometers are not physically feasible. In 1] and 2] a free-ying multiple spacecraft interferometer is proposed. Figure 1 shows how a free-ying multiple spacecraft interferometer with three spacecraft might be implemented. Two spacecraft would move within an observation plane to sample light from an astronomical body. The light is then re ected to the third spacecraft which observes the interference pattern from the two light paths.
Interferometry requires precise distance measurements between spacecraft on the order of a wavelength of light. The ST3 mission proposed by NASA/JPL will use an on-board laser metrology system to make these measurements 3]. There must be a pairwise alignment of spacecraft in order to lock the metrology sensors on to one another. Establishing this alignment is a nontrivial process called formation initialization. Once sensor lock is established the spacecraft can monitor their relative orientation and relative position with respect to neighboring spacecraft. Sensor lock being established it is important to maintain sensor lock or else the whole process of formation initialization must be repeated.
To understand the type of measurements that must be performed consider the van Cittert-Zernike result 4] which is the basis of interferometric imaging.
De ne the ? plane as the observation plane. The location of the two collector spacecraft are ( 1 ; 1 ) and ( 2 ; 2 ) respectively. The star is located at (x; y) a distance z away from the observation plane. We can de ne new coordinates
where is the wave length of the observed light. These new coordinates de ne the U ? V plane (see Figure 1) .
Observation of the interference pattern for di erent values of (u; v) allows measurement of the complex mutual coherence function (u; v). The van CittertZernike result is that the inverse Fourier transform of (x; y) gives the desired irradiance pattern I(x; y) of the celestial body.
Two basic formation maneuvers are required to sample the irradiance pattern. Namely formation expansion and formation reorientation. Motion between stars requires a formation retarget maneuver. Another possible formation maneuver not used in interferometry is to translate the entire formation. In this paper we will refer to resize, reorient, retarget, and translation maneuvers as \Elementary Formation Maneuvers" (EFM). Figure 2 shows the the position and attitude requirements in order to maintain sensor lock, for expansion maneuvers and for reorientation/retarget maneuvers.
An expansion maneuver (see Figure 2a ) requires that the relative attitude be maintained while the spacecraft spacing is varied. On the other hand, both reorientation and retarget maneuvers (see Figure 2b ) require that the relative attitude between spacecraft be varied at the same rate (but opposite direction) as the formation to to maintain sensor lock.
To implement these types of maneuvers there exists three approaches to formation ying found in the literature. These approaches have application to the coordination of spacecraft, multiple robots, and aircraft. They are the leader-following 5, 6], behavioral 7], and virtual structure 8] approaches.
In leader-following, one vehicle is designated as the leader, while the rest of the vehicles are designated as followers. The basic idea is that the followers track the position and orientation of the leader with some prescribed (possibly time-varying) o set. There are numerous variations on this theme including designating multiple leaders, forming a chain (spacecraft i tracks spacecraft i ? 1) , and other tree topologies.
A variation on leader following is the virtual structure approach. This approach creates a virtual leader which is controlled to traces out the trajectory that a certain point in the formation is to follow. The remaining vehicles (followers) track the trajectory of the virtual leader with a prescribed relative position and attitude o set.
The idea behind the behavioral approach is to prescribe several desired behaviors for each agent, and then to make the control action of each agent a weighted average of the control for each behavior (this includes the subsumption architecture where the weights are binary and sum to one). Possible behaviors include collision avoidance, obstacle avoidance, goal seeking, and formation keeping. There are also numerous variations on the behavioral approach to multi-agent coordination, most of which are derived by novel weightings of the behaviors and hierarchically de ned behaviors. The disadvantage of the behavioral approach is that analytic convergence proofs are di cult to attain.
Elementary Formation Maneuvers will require formation control laws that maintain both relative attitude and relative alignment between spacecraft. A solution to the relative alignment problem was presented in 9]. In main result of this paper is to derive the formation control strategies needed to maintain relative attitude during Elementary Formation Maneuvers. We will derive both leader-following and behavioral-based approaches to this problem, and prove analytically that these approaches converge to the desired solution. The integration of relative attitude and relative alignment control in the context of Elementary Formation Maneuvers, will be the subject of a future paper.
The paper is organized as follows. In Section 2 we formally de ne the problem to be solved in the paper. In Section 3 we present a leader-following based attitude control to implement Elementary Formation Maneuvers. In Section 4 solves the same problem using a behavioral approach. Simulations are presented in Section 5.
Problem De nition
In this section we introduce our notation and formally de ne the attitude formation control problem in the context of Elementary Formation Maneuvers. It might be useful to read the Appendix which contains useful properties of quaternion algebra including the de nition of the function ( ; ) which we shall use to measure the distance between unit quaternions. De nition 2.1 (Attitude Formation Control Problem) Suppose that the spacecraft begin a maneuver with (q i (0); q j (0)) ij small for each pair i and j (i.e. they are approximately in formation). The objective is to drive q i ! 1 for all i, such that (q i (t); q j (t)) ij small for all i; j and all t > 0. Let I = f1; : : : ; Ng be the index set of all members of the formation and let L I be the set of all members of the formation that are aware of the nal goal for the formation (i.e., the leaders). Note that q i is the orientation of the ith spacecraft with respect to the nal goal. The orientation q i q j is the orientation of the ith spacecraft with respect to the jth spacecraft. Thus if i 2 L then the ith spacecraft knows q i . However, if i 6 2 L then the ith spacecraft does not know q i but may know q i q j for some values of j.
De ne the set of pairs P I I as the set of all spacecraft pairs such that either the ith spacecraft has knowledge of q i q j , or the jth spacecraft has knowledge of q j q i or both. We can describe the relationships within the formation via graph theory were we take I to be the set of vertices and P to be the set of edges for the graph (see Figure 3) . (q i ; q j ): When E F = 0 then q i = q j for all (i; j) 2 P. Therefore by making E F = 0 and imposing the condition that P de nes a connected edge set that spans I will guarantee that the entire group of spacecraft are keeping relative attitude Figure 4 : 'Sets I, P and L for the-leader following control problem' formation. As long as L 6 = ; then E F = E G = 0 guarantees the convergence of all the spacecraft in the set I.
We present two di erent approaches to forcing E F and E G to zero, namely leader-following and behavioral based controls. In Section 3 we implement the leader-following based control. The burden of driving E G ! 0 is placed entirely on the formation leaders. However, the burden of driving E F ! 0 is given entirely to the followers. In other words the leaders get you where you want to go and the followers keep formation. In Section 4 we implement the coupled dynamics based control, using behavioral ideas. In this case we de ne the total formation error E to be the weighted average of E F and E G . Each spacecraft implements an identical control law that drives E ! 0. The e ect is that the spacecraft share the burden of formation keeping and goal seeking.
Attitude Control Leader-Following
In this paper we will restrict our attention to the the leader-following set L = f1g (i.e., only on leader), and the edge set P = f(2; 1); (3; 1); : : :; (N; 1)g. Figure 4 illustrates our selection of I; P. 
Based on the de nition of quaternion multiplication we may write this condition as
Multiplying both sides of Equation (4) For the leader-following we designate the rst spacecraft as the formation leader. The other two spacecraft follow its motion while reorienting to the nal goal of q 1 = q 2 = q 3 = 1. In Figure 6 the orientation error of the rst spacecraft (q 1 ; 1) and the tracking error (q 2 ; q 1 ) of the second spacecraft with respect to the rst spacecraft are given. For behavioral-based control all the spacecraft are equal. There is no distinction between leaders and followers. All spacecraft converge to the nal goal Figure 7 we plot the convergence of the rst spacecraft to the nal goal (q 1 ; 1) and how well it is keeping formation with the other spacecraft (q 1 ; q 2 ) and (q 1 ; q 3 ). Similar plots for the second and third spacecraft yield similar results.
Note that leader-following maintains better attitude alignment throughout the maneuver. However, this comes at an expensive price. As seen from Equation (2), the attitude, angular velocity and angular acceleration of the leader must be perfectly known by the followers. In contrast, Equation (3) shows that our control only requires the relative attitude of neighboring spacecraft. The relative motion between spacecraft can be further damped using a passivity control approach, but this will be addressed in future papers.
Conclusion
In this paper we have developed the idea of an elementary formation maneuver in the attitude domain. An elementary formation maneuver in e ect rotates a group of spacecraft at the same rate such that relative alignment is maintained. Using leader-following and behavioral based control we implement these elementary formation maneuvers. Coupled with already published results that vary the relative spacecraft spacing we intend to pursue control laws that will reorient and respace simultaneously. The following additional properties are also true 1. 1 is the multiplicative identity, i.e. q1 = 1q = q. 
since S(!) = 0 using the properties of quaternion multiplication Equation (10) reduces to the standard kinematic relationship dVq dt = 1
